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Abstract

Geometric learning models operating on struc-
tured data (graphs, meshes, point clouds) are in-
creasingly deployed in high-stakes scenarios. A
critical challenge is ensuring the robustness of
their decision reasoning processes—mechanisms
by which models attribute importance to struc-
tural components. Recent studies reveal such
processes are brittle: small input perturbations
drastically alter the model’s rationale, even when
predictions remain unchanged. This brittleness
is particularly evident in graph neural networks
(GNNs) and their post-hoc attribution methods,
where explanation masks exhibit severe volatil-
ity under minor structural edits—a critical failure
for auditing and human-in-the-loop systems.

We introduce GrA (Graph Risk-Aware trim-
ming), a risk-aware framework for robust de-
cision reasoning in geometric learning mod-
els. GrA formalizes structural risk via gradient-
based sensitivity analysis and employs Condi-
tional Value-at-Risk (CVaR) to identify and mit-
igate high-volatility components. While broadly
applicable, we instantiate and validate it on GNN
explanation tasks. As a training-free, model-
agnostic module, GrA achieves 60-80% im-
provement in reasoning stability across diverse
attacks and attribution methods (GNNExplainer,
PGExplainer) while preserving fidelity and scal-
ing efficiently to large graphs.

1. Introduction

Motivation: Decision Reasoning in Geometric Learn-
ing. Geometric learning models operate on structured
data with inherent spatial or relational geometry—such
as graphs (molecular structures, social networks), point
clouds (3D sensing), and meshes (shape analysis). These
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models have achieved state-of-the-art performance across
domains. As they are deployed in high-stakes settings
(drug discovery, fraud detection, autonomous systems), a
critical requirement emerges: robust decision reasoning.
Beyond accurate predictions, we must understand why a
model decides and ensure this rationale remains consistent
under small input variations.

Post-hoc attribution methods, which identify influential
substructures for a trained model’s prediction, represent
a canonical instance of decision reasoning across geo-
metric domains. In this work, we focus on graph neu-
ral networks (GNNs) and their post-hoc explainers—such
as GNNEXPLAINER (Ying et all [2019) and PGEX-
PLAINER (Luo et al.,[2020)—as a primary application case.
Despite widespread adoption, recent work reveals funda-
mental brittleness: these reasoning outputs are highly sen-
sitive to minor structural perturbations, even when predic-
tions remain invariant—a critical failure for auditing and
human-in-the-loop systems.

Problem: Reasoning Volatility in GNN Explanations.
While reasoning brittleness affects geometric learning
broadly, we demonstrate it concretely through GNN ex-
planations. As Figure [T] shows, small graph perturbations
(adding/deleting edges) can produce drastically different
attribution maps, even when predictions are unchanged.
This reasoning volatility undermines reliability in dynamic
or adversarial environments. Existing defenses typically (i)
modify training to induce stable attributions, or (ii) pro-
vide certified guarantees limited to small inputs. Neither
treats volatility as an intrinsic structural property that can
be managed post hoc, independent of the predictor.

Problem Formulation. We formalize the problem for
GNN node classification with post-hoc reasoning modules.
Consider a trained GNN f and a post-hoc reasoning mod-
ule g. Given a graph G = (V,€) with adjacency A
and features X, the reasoning module returns a soft edge-
importance vector M (") = g¢(G, f;v) € [0,1]™ for target
node v, where m = |E|. We ask: which edges in G are
responsible for the observed volatility of M") under small
structural changes? We formalize an edge risk quantifying
how sensitive M (“) is to infinitesimal changes of each edge
and show that risks exhibit a long-tail pattern (§2] §3).
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Figure 1. Motivation: decision reasoning instability under small perturbations. For a target node v, a post-hoc reasoning module g
outputs an edge-importance vector M (") € [0,1]™ aligned with the edges & of the input graph G = (V, £) (see . Minor structural
edits to G (few edge additions/deletions) can drastically alter M ) while leaving the model prediction unchanged.

Approach: Risk-Aware Decision Trimming. We pro-
pose GrA (Graph risk-Aware trimming), a training-free,
model-agnostic framework for robust decision reasoning.
GrA operates on a key insight: reasoning volatility is driven
by sparse high-risk structural components whose perturba-
tions cause disproportionate changes in reasoning output.
By identifying and removing these via gradient-based sen-
sitivity analysis and Conditional Value-at-Risk (CVaR) op-
timization, GrA produces robust surrogate structures pre-
serving fidelity while resisting perturbations.

Scope and Instantiation. While GrA is broadly applicable
to any geometric learning task with differentiable reasoning
modules, we instantiate and validate it on GNN post-hoc
explanation tasks as a primary application. We introduce
continuous edge gates z € R™ to differentiate through
the reasoning module, define edge risk as /5 sensitivity
|00 ) /dz |, and employ CVaR to focus on the severity
of the worst (1—«) fraction of edges, enabling fail-aware
trimming with retention ratio 4.

Why this design. Post-hoc (keeps predictor f un-
changed), model-agnostic (works with any differentiable
reasoning module g), and attacker-agnostic (targets root
cause—tail volatility—improving robustness against di-
verse perturbation-based attacks).

Contributions.

* Decision Reasoning Framework. We formalize the
problem of robust decision reasoning for geomet-
ric learning models, introducing structural risk as a
gradient-based sensitivity measure. We demonstrate
its instantiation for GNN explanation tasks.

* Risk-Aware Trimming. We develop GrA, a CVaR-
based framework that identifies and removes high-
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volatility structural components via tail-risk optimiza-
tion with retention constraints, applicable to any dif-
ferentiable reasoning module.

* Theoretical Grounding. We provide first-order sta-
bility bounds linking CVaR-based tail reduction to im-
proved robustness under structural perturbations.

¢ Comprehensive Validation on GNN Explanations.
Across synthetic and real-world benchmarks, attribu-
tion methods (GNNExplainer, PGExplainer), and per-
turbation attacks, GrA achieves 60-80% improvement
in reasoning stability (IoU, consistency) while main-
taining fidelity, with modest overhead.

2. Preliminaries

2.1. Geometric Learning Models: Focus on Graph
Neural Networks

Geometric learning models operate on structured data
with inherent spatial or relational geometry—graphs, point
clouds, meshes, and manifolds. In this work, we focus on
graph neural networks (GNNSs) as a canonical instance,
though our framework extends to other structured domains.

Let G = (V,&) be a graph with n = |V| nodes and
m = |€]| edges, described by a binary adjacency matrix
A € {0,1}"*" and a node feature matrix X € R"*¢, We
consider the task of node classification, where a trained
GNN model f maps the graph data (A4, X) to a vector of
logits f,(A, X) € R for a target node v € V), predicting
its class label. While we focus on GCNss as a representative
backbone, our framework is applicable to general message-
passing architectures.
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2.2. Post-hoc Decision Reasoning for GNNs

General Concept. In geometric learning, a decision rea-
soning module g identifies which structural components of
input z are most influential for a trained model’s predic-
tion f(x). This concept spans various modalities: attention
weights for point clouds, saliency maps for meshes, and at-
tribution masks for graphs. We now specialize this to GNN
node classification.

GNN Instantiation. For a trained GNN f and input
graph GG, a post-hoc reasoning module g identifies the sub-
structure most influential for prediction at target node v.
Formally, ¢ produces an edge-importance mask M) =
g(G, f;v) € ]0,1]™, where Mi(;) represents the relevance
of edge e;;. We focus on post-hoc (not intrinsic) methods
for their model-agnostic nature: they apply to any trained
GNN without retraining, critical for auditing deployed sys-
tems.

Application Cases. Prominent GNN explainers include
GNNEXPLAINER (Ying et all 2019), which optimizes
a mask to maximize mutual information, and PGEX-
PLAINER (Luo et al.}[2020), which learns a parameterized
edge-scoring network. The final explanation is typically a
subgraph G g induced by high-scoring edges. In our frame-
work, these methods serve as application cases for validat-
ing the GrA reasoning robustification approach.

2.3. Risk Measures: From VaR to CVaR

To quantify the instability of explanations, we adopt con-
cepts from financial risk management. Let R be a real-
valued random variable representing a loss or risk profile
(e.g., the sensitivity of edges).

Value-at-Risk (VaR). For a confidence level a € (0, 1),
the Value-at-Risk is simply the a-quantile of the distribu-
tion:

VaRy(R) = inf{t eR:P(R<t)>a}. (1)
While intuitive, VaR acts as a simple cut-off. As illustrated
in Figure@], it is not a coherent risk measure (Artzner et al.,

1999) because it disregards the shape and magnitude of the
tail distribution beyond the threshold.

Conditional Value-at-Risk (CVaR). To account for the
magnitude of extreme risks, we employ Conditional Value-
at-Risk (also known as Expected Shortfall). CVaR mea-
sures the expected value of the variable given that it ex-
ceeds the VaR threshold:

CVaRq(R) = E[R| R > VaR.(R)]. )
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Figure 2. Edge Risk Distribution and Measures. An illustration
of the long-tail distribution observed in GNN explanation sensi-
tivities (edge risks). Most edges are stable (bulk), while a minority
exhibit high volatility (tail). VaR marks a threshold, while CVaR
quantifies the expected severity of this tail, serving as a robust ob-
jective for trimming unstable structures. Although the high-risk
edges (red region) are few in number, they exhibit disproportion-
ately high volatility. Consequently, these extreme outliers are the
primary drivers of instability and the main targets for removal in
our GrA framework.

CVaR is coherent and convex. As shown in Figure [2}
CVaR effectively captures the center of mass of the high-
risk tail. In our methodology, we demonstrate that opti-
mizing the CVaR of edge sensitivities—rather than simple
thresholding (VaR)—is essential for mitigating the impact
of “heavy-tailed” structural outliers.

3. Methodology

We propose GrA (Graph Risk-Aware trimming), a post-
hoc framework for enhancing the robustness of decision
reasoning in geometric learning models. GrA operates on
the principle that reasoning volatility is driven by a sparse
subset of “high-risk” structural components whose in-
finitesimal perturbations disproportionately affect the rea-
soning output.

Framework Instantiation. While GrA is broadly applica-
ble to any differentiable reasoning module over geometric
structures, we instantiate it for GNN post-hoc explanations
in this work. By identifying volatile edges via gradient sen-
sitivity and managing them through CVaR-based tail-risk
optimization, GrA produces robust surrogate graphs G for
downstream explanation tasks.

The overall pipeline is illustrated in Figure[3] It consists of
three stages: (1) Risk Modeling, where we define a differ-
entiable edge risk via continuous relaxation; (2) Tail-Risk
Assessment, where we employ CVaR to identify high-risk
outliers in the long-tail distribution; and (3) Robust Trim-
ming, which generates the stable graph using a retention-
constrained policy.
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Figure 3. Overview of the GrA Framework. (1) Problem Formulation & Relaxation: We introduce continuous gate logits z to
relax the discrete graph structure, making the reasoning output M (z) differentiable. (2) Risk Estimation: We compute Edge Risk
ri; as the sensitivity of M to gates z using the efficient Hutchinson diagonal estimator. (3) Tail-Risk Trimming: Recognizing the
long-tail nature of edge risks, we use Conditional Value-at-Risk (CVaR) to identify edges that contribute disproportionately to volatility
(considering both frequency and severity). (4) Robust Output: High-risk edges are trimmed subject to a retention constraint, yielding

a robust surrogate graph G for the target reasoning module.

3.1. Modeling Explanation Risk via Continuous
Relaxation

Problem Formulation. Consider the setup in Sec. [2.1
For a target node v, the explainer generates an importance
mask. For brevity, we omit the target index and denote
the explanation vector simply as M € [0, 1]™. Our goal
is to quantify the risk r;; of each edge e;;—defined as the
sensitivity of the explanation M to the structural presence
of that edge.

Continuous Gating Mechanism. Since the graph struc-
ture is discrete (A;; € {0,1}), direct differentiation is im-
possible. We adopt a Continuous Gating mechanism for
relaxation. For every edge e;; € £, we introduce a learn-
able gate logit z;; € R and map it to a continuous weight
w;; € (0,1) via a temperature-scaled sigmoid:

1

T 1+ exp(—z;;/T)’ )

wij = or(zij)

We construct a gated adjacency A(z) = A ® W, making
the reasoning module’s output a differentiable function of
the gates: M(z) = g(G(A(z),X), f). This formulation
allows us to treat structural perturbations mathematically

as infinitesimal displacements of the continuous variable z.

Bridging Continuous and Discrete. While actual at-
tacks operate on discrete edge flips, our continuous relax-
ation provides a principled proxy. A flip from edge pres-
ence to absence corresponds to moving z;; from a large
positive value to a large negative one. The risk r;; quan-
tifies the rate of explanation change along this trajectory;
edges with high r;; are precisely those where discrete flips
cause the largest jumps in M.

4

Edge Risk Definition. We define the risk of an edge not
by the change in the model’s loss, but by the magnitude of
the change in the entire reasoning output.

Definition 3.1 (Edge Risk). The risk r;; of an edge e;; is
defined as the {s-norm of the gradient of the explanation
vector M (z) with respect to the gate variable z;;:

SCTIR

Z keE

Physically, r;; quantifies the rate of change of the explana-
tion vector M given an infinitesimal perturbation to edge
e;5- A high r;; identifies the edge as a “source of sensitiv-
ity.” To compute Eq. ] efficiently, we utilize a Hutchinson
trace estimator (detailed in Appendix [A.2)), which approxi-
mates the Frobenius norm of the Jacobian with O(1) com-
plexity per projection.

OM(z)
821‘]‘

A
rij =

3.2. Tail-Risk Assessment: Why CVaR?

Empirical observation reveals that edge risks {r;;} fol-
low a long-tail distribution: the majority of edges are
stable, while a small fraction exhibits extreme volatility.
To robustly identify these outliers, we utilize Conditional
Value-at-Risk (CVaR).

CVaR vs. Simple Thresholding. A naive approach is to
prune the top-K % risky edges, equivalent to using Value-
at-Risk (VaR,,) as a threshold. However, VaR is not a co-
herent risk measure; it only identifies the frequency of risk
(ranking). In contrast, CVaR,(R) captures the severiry
(expected magnitude) of the tail events.

CVaR,(R) = E[r | r > VaR,(R)]. (5)
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By optimizing the trimmed graph to minimize CVaR, GrA
explicitly targets the edges that contribute disproportion-
ately to the aggregate instability. This is mathematically
equivalent to minimizing the system’s average sensitivity
under the worst-case subset scenario. Concretely, “Top-K
(Percentile)” trimming removes the top (1 — «)% edges by
risk ranking (equivalent to VaR thresholding), while CVaR
additionally weights by the magnitude of tail risks, yielding
superior selection as demonstrated in Section [4.3]

Risk-Importance Balancing. To prevent the removal of
semantically critical edges (e.g., edges in a functional mo-
tif) that naturally have high gradients, we define a removal
score s;; that balances the normalized risk 7;; against the
edge’s original importance M; 5t

Sij = Ar - TAij — A - Mij- (6)
In practice, we set A\, = \,, = 1 as the default, treating
risk and importance equally. GrA identifies the set of edges
Earop such that their removal minimizes the tail risk defined
by s;;, subject to retention constraints.

3.3. The GrA Trimming Framework

The framework operates as a “Safety Filter” for GNN ex-
planations. The procedure is summarized in Algorithm ]

Retention-Constrained Trimming. Blindly removing
high-risk edges may disconnect the graph. We impose a
Minimum Retention Ratio 6 € (0,1]. We select a dy-
namic threshold 7 based on the a-quantile of scores. If the
number of remaining edges falls below §|€|, we relax T to
ensure a valid graph structure. The resulting robust graph

is G =V, €\ Earop)-

Surrogate Strategy for Black-Box Explainers. While
Definition relies on gradients, GrA is not limited to
differentiable explainers. For non-differentiable or black-
box explainers (e.g., SubgraphX), we employ a Surrogate
Strategy: (1) Use a lightweight, differentiable surrogate
explainer gq, to estimate the risk map {r;;}. (2) Gener-
ate the trimmed graph G using GrA based on the surrogate
risks. (3) Feed the robust graph G into the target black-box
explainer. This effectively decouples risk estimation from
explanation generation. We validate this strategy empiri-
cally in Section[4.3]

3.4. Theoretical Stability Insight

We provide a theoretical motivation for why risk trimming
enhances stability. We view the explanation process as a
map F' : Z — M. The stability of this system under
perturbation is governed by its Lipschitz constant L. For
any perturbation ||Az|| < ¢, we have |[AM|| < L -e.

5

Algorithm 1 GrA: Graph Risk-Aware Trimming

Require: Graph G, Model f, Explainer g, Tail «, Reten-
tion &, Weights A
1: Step 1: Risk Estimation
2: Initialize gates z; Compute gradients V.M via
Hutchinson estimator.
3: Calculate Edge Risk ;; < ||V,
4: Step 2: Score Calculation
5: Normalize risks 7 and original importance M.
6: Compute scores s;; < Apfyj — Am]\;[l-j.
7
8
9

M]|2.

J

: Step 3: CVaR-based Trimming

: Determine threshold 7 = Quantile({s;; }, a).
. Identify gdr()p = {67;]' ‘ Sij > T}.
Enforce retention: if |€] — |Egrop| < 6|E
: Step 4: Robust Explanation

. Construct G = (V, €\ Europ)-

: Return M = g(G, f).

, adjust 7.

Theorem 3.2 (Stability Improvement via Lipschitz Regu-
larization). The local Lipschitz constant of the explanation
function is determined by the operator norm of its Jacobian
I (2). The edge risks 1;; correspond to the column norms
of Jyr. High-risk edges in the tail distribution dispropor-
tionately inflate the global Lipschitz constant. By trim-
ming these edges via GrA, we effectively perform Gradient-
based Lipschitz Regularization, lowering the upper bound
of the system’s sensitivity:

E[||M (2 + Az) = M(2)]2] S CVaRa(R) - . (D)

Remark. This mechanism is mathematically analogous to
Spectral Normalization in GANs or Gradient Penalties,
where constraining the gradient norm ensures the smooth-
ness and robustness of the learned function. Here, we
achieve this by physically pruning the input dimensions
that cause gradient explosion. Formal proofs are provided

in Appendix

4. Experiments

In this section, we validate the GrA framework by applying
it to GNN post-hoc explanation tasks—a canonical instance
of decision reasoning for geometric learning models. We
evaluate GrA to answer four key questions:

* Q1 (Effectiveness): Does GrA significantly im-
prove reasoning stability against structural perturba-
tions without compromising decision fidelity?

* Q2 (Generality): Is the framework robust across
different datasets, reasoning architectures (gradient-
based vs. parameterized), and attack strategies?
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¢ Q3 (Efficiency): Does the tail-risk optimization incur
an acceptable computational overhead, particularly on
large-scale graphs?

* Q4 (Robustness): How sensitive is GrA to hyperpa-
rameter choices, and does the surrogate strategy trans-
fer effectively?

4.1. Experimental Setup

Datasets and Models. We utilize five benchmark
datasets ranging from synthetic motif detection to large-
scale real-world classification. (1) Synthetic Graphs: BA-
House, BA-Community, and Tree-Cycle. These con-
tain ground-truth motifs (House/Cycle shapes) planted in a
Barabasi-Albert backbone. (2) Real-World Graphs: MU-
TAG (188 molecular graphs) for graph classification, and
the large-scale OGBN-Products (2.4M nodes, 61M edges)
to test scalability. We employ a standard 3-layer GCN as
the backbone model. Dataset statistics are shown in Ta-

ble[ll
Table 1. Dataset statistics validating GrA’s scalability.
Dataset Type Nodes Edges Task
BA-House Synthetic 700 4,110 Node
BA-Community  Synthetic 1,400 8,920  Node
Tree-Cycle Synthetic 871 1,950  Node
MUTAG Molecule 17.9 19.8 Graph
OGBN-Products  Citation 24M  61.8M Node

Decision Reasoning Methods (Application Cases). We
apply GrA to two widely used post-hoc GNN explanation
methods as application cases:

¢ GNNExplainer (Ying et al.,2019): An instance-level
optimizer that learns a soft mask via mutual informa-
tion maximization.

* PGExplainer (Luo et al.,[2020): A parameterized net-
work that predicts edge importance globally.

These methods represent two distinct paradigms of deci-
sion reasoning (optimization-based vs. learning-based), al-
lowing us to validate GrA’s model-agnostic nature. We
compare GrA against the vanilla versions of these explain-
ers (No Trimming) and standard baselines including Ran-
dom Trimming and Top-K (Percentile) Trimming.

Attacks and Metrics. To measure stability, we subject
the input graphs to four types of structural attacks as
defined in |Li et al.| (2024a): Random Noise, Kill-hot
(Greedy), Loss-based (Gradient), and Deduction-based
(Tterative). The perturbation budget b varies from 2% to

6

10%. We report: (i) IoU (Intersection over Union): Over-
lap between the explanation of the perturbed graph and the
original graph. (ii) Consistency: The average IoU over
10 random attack seeds. (iii) Fidelity: The difference in
model probability f(G) — f(G) when keeping only the ex-
planatory subgraph. Success Criterion: Ideally, a robust
explanation should maximize Stability (IoU/Consistency)
while maintaining Fidelity (i.e., not removing semantically
critical edges).

Default Hyperparameters. Unless otherwise stated, we
use: CVaR confidence o = 0.8 (targeting worst 20%), re-
tention ratio § = 0.5, importance weights \,. = \,,, = 1.0,
and Hutchinson projections R = 4.

4.2. Main Results: Stability-Quality Trade-off

Table [2| reports the performance at a 5% perturbation bud-
get. To demonstrate the universality of our method, we
provide a comprehensive evaluation across explainers and
datasets.

Result Analysis. (i) Significant Stability Gains: GrA
consistently improves IoU by 60-80% (e.g., 0.35 — 0.62
on BA-House) and Consistency by 40-50%, confirming
that removing high-risk tail edges drastically reduces sen-
sitivity. (ii) Zero Fidelity Degradation: GrA maintains
identical Fidelity scores (e.g., 0.88 on BA-House), acting
as a precise “surgical filter” that removes volatile noise
without pruning semantic cores. (iii) Generalizability:
Consistent improvements across both GNNExplainer and
PGExplainer (e.g., ~ 0.17 Consistency boost on MUTAG),
demonstrating that Edge Risk is an intrinsic property inde-
pendent of reasoning architecture.

4.3. Ablation: Efficacy of CVaR in the Long-Tail
Regime

We investigate why the CVaR-based trimming is necessary
compared to simpler heuristics. Table [3] compares GrA
against Random Trimming and Percentile Trimming (Top-
K Risk).

Analysis. Random trimming degrades performance, con-
firming that blind removal harms stability. While Top-K
(Percentile) trimming improves stability (0.43 — 0.58),
CVaR achieves superior performance (0.61). This validates
our hypothesis in Section [3} edge risks follow a long-tail
distribution. A fixed threshold (Top-K) identifies the fre-
quency of risk but ignores the severity. By minimizing the
expected tail magnitude, CVaR more effectively suppresses
the outlier edges that drive instability.
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Table 2. Overall stability-quality results at b = 5% perturbation budget. GrA acts as a “Safety Filter,” significantly boosting stability
metrics (IoU, Consistency) while maintaining the semantic Fidelity of the explanation. Values show mean4std over 5 seeds.

Dataset Method IoU@5% (1) Consaye (1) Consyorse (1) Fidelity (1) Overhead ()
GNNExplainer  0.35+0.06 0.43+0.03 0.30+0.03 0.88=+0.03 1.00x
+ GrA 0.62+0.05 0.61-+0.03 0.48-+0.03 0.88+0.03 1.63x
BA-House
PGExplainer 0.32+0.05 0.41+0.04 0.29+0.03 0.86=+0.02 1.00x
+ GrA 0.59+0.04 0.57+0.03 0.46-+0.03 0.86+0.02 1.68x
BA-Comm PGExplainer 0.33+0.05 0.40+0.03 0.28+0.03 0.85+0.03 1.00x
+ GrA 0.60-£0.04 0.58+0.03 0.45+0.03 0.85+0.03 1.69x
Tree-Cycle GNNExplainer ~ 0.38=+0.05 0.44+0.03 0.31+0.03 0.89+0.02 1.00x
y + GrA 0.64+0.05 0.62:£0.03 0.49-0.03 0.89+0.02 1.78 x
PGExplainer 0.41+0.05 0.45+0.03 0.32+0.04 0.90-£0.02 1.00x
MUTAG + GrA 0.66-0.04 0.62+0.03 0.49-+0.03 0.90+0.02 1.72x
GNNExplainer  0.39+0.06 0.43+0.05 0.30+0.04 0.89+0.03 1.00x
+ GrA 0.65+0.05 0.61+0.04 0.48+0.03 0.89+0.03 1.65x%
PGExplainer 0.28+0.03 0.34+0.02 0.22+0.02 0.91+0.01 1.00x
OGBN-Prod + GrA 0.52+0.03 0.50+0.02 0.36+0.02 0.91+001 1.85x%
Table 3. Ablation of trimming strategies. CVaR’s tail-aware se- o Synthetic: BA-House o Real-World: MUTAG
lection significantly outperforms simpler thresholds. (BA-House ol .
w/ GNNExplainer, b = 5%, sparsity constrained). o ol w

Trimming Strategy ~ Consa,T IoU@5%1T  AFid.
No trimming 0.43 0.35 0.0%
Random 0.41 0.33 -2.0%
Top-K (Perc.) 0.58 0.52 -0.6%
GrA (CvaR) 0.61 0.62 -0.1%

4.4. Robustness under Varying Budgets

Figure [] illustrates stability degradation as the perturba-
tion budget increases from 2% to 10%. Standard explain-
ers (blue dashed lines) exhibit a sharp collapse in Consis-
tency as the attack intensifies, dropping below 0.30 on both
datasets under strong attacks. In contrast, GrA (red solid
lines) exhibits a significantly flatter degradation curve. On
BA-House, GrA retains a consistency score of (.52 even
at the 10% budget—double that of the baseline (0.22).
Crucially, this resilience transfers to the real-world MU-
TAG dataset with PGExplainer (Right), suggesting that the
“structural noise” removed by GrA accounts for the ma-
jority of the vulnerability surface exploited by perturbation
attacks, regardless of the underlying explainer architecture.

4.5. Surrogate Strategy Validation

To validate the transferability of risk maps across explain-
ers, we compute risks using GNNExplainer as a surrogate
and apply trimming to PGExplainer explanations (and vice
versa).

Analysis. Table 4| shows that surrogate-based trimming
achieves 85-90% of the gains compared to using the target
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Figure 4. Robustness against increasing perturbation bud-
gets (2% ~ 10%). (Left) On the synthetic BA-House dataset,
the baseline GNNExplainer (blue dashed) suffers a sharp col-
lapse in consistency as attack strength increases. In contrast, GrA
(red solid) maintains a flat degradation curve, preserving > 0.5
consistency even at the maximum budget. (Right) On the real-
world MUTAG dataset, GrA similarly boosts the robustness of
PGExplainer. This confirms that the risk-aware trimming effec-
tively generalizes across dataset types and reasoning architec-
tures. Shaded regions indicate standard deviation.

reasoning method directly (0.54 vs 0.57 for PGExplainer,
0.58 vs 0.61 for GNNExplainer). This confirms that struc-
tural volatility is largely intrinsic to the graph-model inter-
action rather than method-specific, validating the surrogate
strategy for black-box reasoning modules.

4.6. Efficiency and Scalability

A critical requirement for post-hoc tools is efficiency. We
analyze the overhead of GrA on the massive OGBN-
Products dataset (2.4M nodes).

Linear Overhead. As shown in Table 2 the time cost of
GrA is approximately 1.6x ~ 1.9x that of the base ex-
plainer. This overhead stems from the R backward passes
required for the Hutchinson estimator (R = 4 suffices).
Crucially, this cost is linear with respect to graph size.

Comparison to Alternatives. Compared to Certified Ro-
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Table 4. Surrogate strategy validation on BA-House (b = 5%).
“Direct” uses the target explainer for risk estimation; “Surrogate”
uses a different explainer. The surrogate strategy achieves 85-
90% of direct gains.

Target Explainer  Risk Source Consye?  IoUT
No trimming 0.41 0.32
PGExplainer Direct (PGExp) 0.57 0.59
Surrogate (GNNExp) 0.54 0.55
No trimming 0.43 0.35
GNNE«xplainer Direct (GNNExp) 0.61 0.62
Surrogate (PGExp) 0.58 0.58

bustness methods (e.g., randomized smoothing) which of-
ten require thousands of samples (100x ~ 1000x over-
head), or Generative Methods (e.g., V-INFOR) which re-
quire training separate models, GrA provides a highly effi-
cient trade-off: achieving state-of-the-art empirical stabil-
ity with negligible marginal cost. This makes it practical
for deployment in large-scale industrial GNN pipelines.

5. Related Work

Decision Reasoning for Geometric Learning. Geomet-
ric deep learning (Bronstein et al., |2017; 2021) encom-
passes models on non-Euclidean structures (graphs, man-
ifolds, point clouds). Beyond prediction accuracy, under-
standing how models decide is critical for trust. Decision
reasoning methods span multiple modalities: attention for
point clouds (Wang et al, 2019), saliency for meshes, at-
tribution for graphs (Ying et al.l [2019). However, robust-
ness of reasoning processes under structural perturbations
remains underexplored. While recent work addresses ad-
versarial robustness of predictions (Ziigner et al., |2018)),
stability of decision rationales has received limited atten-
tion outside GNNs. GrA provides a principled framework
applicable across geometric learning, validated on GNN
explanations.

GNN Explainability as Decision Reasoning. Post-hoc
GNN explanation methods identify influential substruc-
tures after training. GNNEXPLAINER (Ying et al.| [2019)
and PGEXPLAINER (Luo et al| [2020) pioneered mask
optimization. Subsequent methods explored alternatives:
SUBGRAPHX (Yuan et al., |2021) uses Monte Carlo Tree
Search, GNN-LRP (Schnake et al. 2021) adapts layer-
wise relevance propagation, others use surrogate mod-
els (Vu & Thai, |2020), causal reasoning (Sui et al., [2022),
and reinforcement learning (Shan et al., [2021). However,
these outputs remain brittle under perturbations.

Robustness of Decision Reasoning. Minor graph per-
turbations drastically alter reasoning outputs (Li et al.|
2024cf 2025). Existing defenses include: (i) robust train-
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ing via stochasticity (Miao et al., |2022) or adversarial
schemes (Loveland et al.l [2021)), (ii) information-theoretic
filtering like V-INFOR (Wang et al., [2023), and (iii) cer-
tified methods like XGNN-CERT (L1 et al., |2025)). These
require model modification or are computationally inten-
sive. GrA is a training-free, post-hoc module that removes
unstable components without altering the predictor.

Risk-Aware  Learning. Conditional  Value-at-Risk
(CVaR) (Artzner et al.l [1999; Rockafellar et al., 2000)
quantifies tail risk beyond average performance, en-
abling robustness to outliers. While CVaR has improved
3D classifier robustness (Li et al., |2024b) and XGEX-
PLAINER (Kubo & Difallahl 2024) evaluated distributional
robustness of explanations, GrA is the first to formalize
gradient-based structural risk for decision reasoning
and operationalize CVaR-based trimming for reasoning
stability.

6. Conclusion

We presented GrA, a training-free, model-agnostic frame-
work for enhancing the robustness of decision reasoning
in geometric learning models through risk-aware structural
trimming. By formalizing structural risk as gradient-based
sensitivity and employing CVaR for tail-aware component
selection, GrA identifies and removes elements that dispro-
portionately contribute to reasoning volatility. The frame-
work requires no modification to the underlying predictor
or reasoning module, making it a practical plug-and-play
solution.

Validation on GNN Explanations. We instantiated and
validated GrA on post-hoc GNN explanation tasks—a
canonical decision reasoning problem for graph-structured
data. Across diverse datasets, attribution methods (GN-
NExplainer, PGExplainer), and attack strategies, GrA
achieves 60-80% improvement in reasoning stability (IoU,
Consistency) while preserving decision fidelity. The
CVaR-based trimming significantly outperforms simpler
heuristics by accounting for both frequency and severity of
tail risks, with modest computational overhead (1.6-1.9x
runtime) that scales to large graphs.

Limitations and Future Work. Limitations: (i) Gra-
dient dependence (surrogate quality for black-box meth-
ods may vary across domains), (ii) first-order approxima-
tion (may be loose for large discrete flips, though empiri-
cally strong), (iii) node-level focus (graph-level extension
requires aggregating node-wise risks). Future directions:
extending to other geometric tasks (point clouds, meshes),
adaptive risk thresholds, theoretical characterization across
structure families, and connections to model uncertainty.
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A. Theoretical Analysis and Proofs

In this section, we provide the rigorous mathematical
derivations supporting the stability claims made in the main
text. We analyze the explanation function M (z) under the
continuous gating framework and formally establish how
tail-risk trimming acts as a regularization mechanism.
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A.1. Extended Stability Analysis

Building on Theorem [3.2)in the main text, we provide ad-
ditional theoretical results and rigorous proofs.

Theorem A.1 (Expected Stability under Random Perturba-
tions). Let Az be a random perturbation vector supported
on K with zero mean and covariance 021 (i.e., independent
noise). The expected squared variation of the explanation
is determined by the aggregate risk of the retained edges:

E[|M(z+ Az) = M(2)[3l = 0> 7. (8)

JjEK

Proof. Using the first-order approximation:

E[l|JxAz[3] = E[(JxAz) ' (JxAz)] ©)
=E[Az" Tk AZ] (10)
=Tr(JEJk -E[AzAZT]) (1)
= Tr(J5 Jx - 021) (12)
=?|JklF =0 13 (13

JEK
O

Corollary A.2 (Connection to CVaR Minimization). Min-
imizing . jex T r2 for a fixed retention budget is equivalent
to removing the set of edges Ey,p with the largest r; values.
The CVaR-based selection achieves this by explicitly target-
ing the tail of the risk distribution, thereby minimizing the
expected variance under stochastic perturbation.

A.2. Unbiasedness of Hutchinson Estimation

We justify the use of the efficient estimator used in Algo-
rithm |1} We aim to compute r? = || Z2||3. Let v be a ran-
dom vector sampled from a Rademacher distribution (en-
tries are &1 with probability 0.5), such that Efvv ] = I.
Consider the scalar projection s = (M (2),v). The gradient
with respect to z; is a = LUk

Proposition A.3. ]Ev[(aa—;j)ﬂ = 7”32‘-

Proof.
E

>

k

8M;C

(2
ZZWZ oM, 8Ml]

0z 0z
(5 w0

0z k£l

Since vy, are independent zero-mean variables, E[viv;] = 0
for k # [, and E[vk] =1 Thus, the expectation reduces to

oM,
S (BMsy2 — |08 2 — 2 O

v

OM,, 8Ml
0z 0z

vkvl] (14)
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B. Design Justification

B.1. Why Explanation Sensitivity? (Risk vs. Loss
Gradient)

A natural question is why we define risk based on the ex-
planation sensitivity ||V, M || rather than the sensitivity of
the explainer’s optimization objective (10ss) ||V, Lexp||2-

Let Lexp(2) = £(M(z)) be the objective function (e.g., Mu-
tual Information or Fidelity loss). By the chain rule:

Loy  (OM\ ' OF as)
0z \ 0z oM’
At or near the convergence of the explainer, the term 6%

approaches zero (stationarity). Consequently, the gradient
of the loss V., Le, will vanish even if the Jacobian %—M is
large. Therefore, the loss gradient fails to identify unsta-
ble edges once the explainer has converged. In contrast,
our risk definition ||V ,M ||z directly measures the struc-
tural volatility of the explanation vector itself, regardless
of the optimization state, making it a robust proxy for sta-

bility.

B.2. Physical Meaning of Edge Risk

The risk r;; serves as a measure of structural vulnera-
bility. In the context of GNNs, edges allow information
flow (message passing). A high-risk edge is one where the
“gate” controls a disproportionately large swing in the fi-
nal explanation. Physically, this often corresponds to edges
that facilitate “short-cuts” or spurious correlations—paths
that the GNN relies on heavily but are not robustly sup-
ported by the local neighborhood structure. By trimming
these, we force the explanation to rely on the stable, redun-
dant core of the graph topology.

C. Additional Experimental Details
C.1. Implementation Details

Hardware. All experiments were conducted on a work-
station with 4 NVIDIA RTX A4000 GPU (16GB VRAM
each) and an AMD EPYC CPU.

Continuous Gating. For the risk estimation, edges are
initialized with a gate value z;; = 2.0. With a temperature
T = 0.5, this results in an initial weight w;; ~ 0.98, ef-
fectively keeping the original graph structure intact during
the gradient calculation. This prevents the risk estimation
process itself from distorting the graph topology.

Reproducibility. We implement GrA using PyTorch
Geometric (PyG). The Hutchinson estimator is im-
plemented wusing torch.autograd.grad with
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create_graph=False to minimize memory usage.
For large graphs (OGBN), we utilize neighbor sampling
during the risk estimation phase to fit within GPU memory
constraints, consistent with the inference pipeline of the
base GNN.

C.2. Runtime Breakdown

On BA-House with GNNExplainer, the runtime breakdown
is approximately: risk estimation 45%, CVaR computation
and sorting 15%, trimming 10%, re-explanation 30%. The
dominant cost is the R = 4 backward passes for Hutchin-
son estimation.
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